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1 Introduction 

The aim of this paper is to study the asymptotic behavior of the exponential functional 
A^ = / 0 °° e^ s ds, where (£t)t> o is a Levy process such that Cramer’s condition holds, that 
is to say there exists y > 0 such that E(e x ^) = 1. The precise result will be, under others 
conditions on (£t)t>o, that the tail of Aoc is decreasing like t~ x when t —> oo. 

One method to understand this result is to start from the analogous problem in discrete 
time : the random difference equation Y n = M n Y n _i + 1 where (M n ) neN is a sequence of i.i.d 
real variables, and whose solution Y n , under certain additional hypothesis (see 0 and ||), 
converges in distribution to R := MLo ^t\ ■ • ■ M k -i- In our case, the Levy process (£t)t >o 
will play the role of the random walk (S n := Ylk=i l°g \Mk\)n>i and A 0 0 the role of the limit 
variable R. 


Let us explain a little the analogy. In the discrete case, for all stopping-time N which is 
finite almost-surely we have the following identity in law (see [f|, lemma 1.2) : 

R = M 1 ...M n R + R n . (1) 

where (i? n ) n€ N stands for the sequence of partial sums (X))L 0 Mi... M k _i ) neN . In continuous¬ 
time this identity is still valid if we replace (R n ) n £n by the process {A t := f Q e^ s ds) t > 0 ; indeed 
the lemma 6.2 in |3|] implies that for all stopping-time T which is finite almost-surely we have : 


Aoo = e*Moo + A t . 


( 2 ) 


Kesten, in the above quoted article, found the asymptotic behaviour of the distribution 
otR : 


P(i? > t) ~ C t x for some constant C > 0 , 
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and he noticed that the proof (in the one-dimensional-case, which interests us here) relies 
essentially on Cramer’s estimate for the random walk S n : if y > 0 satisfies the Cramer’s 
condition E(M x ) = 1, then : 


P(max(5 l 0 , S u ...) > t) ~ Ce~ x \ (3) 

for some constant C when t —> +oo. 

But Bertoin and Doney ( see |T]| ) have proved that Cramer’s estimate extends to Levy 
processes. Their proof relies on the introduction of what they call the associated Levy process 
X*, whose exponent is <F*(A) = <f>(A + y). It amounts to make the change of probability 
defined by the martingale (e x ^) t >o, as we do in our proof of Proposition [L3| . They use a 
Wald identity for this process, namely : 

E (#*) = E(A:*)E(r*), 

where r* is the inverse process of the local time L* of the reflected process at the supremum 
(S't — £ t * = sup s < t !;* — £*,t > 0) and H the ascending ladder process : Hf = S* t = £* t . For 
sake of completeness, we give a proof of this Wald identity in the Annex. 

In fact, instead of the equivalence mentioned in (|3|), we can easily obtain an upper bound, 
and this suffices to show that Aoo has moments of all orders a < y where y is again the 
non-negative root of E(e x A!) = 1 . We will give a proof of this result (in the third section), 
which has an interest by itself and will be used to obtain the more precise result concerning 
the tail of that we give now : 

Theorem 1.1. Let £ be a Levy process, with Levy exponent <F (i.e E(e A ^‘) = e -* $ ( A )Jand 
fulfilling the following Cramer's condition : 

3y > 0 such that <F(y) = 0 (4) 

Notice that this can only happen if —oo < /i := E(^) < 0 . 

We make besides the stronger hypothesis that <F > — oo on an interval [0, y + e], with 

e > 0. 

At last we assume that the law of f i is not arithmetic. 

Then the exponential functional Aoo := J 0 °° ef s ds is well defined and there exists some con¬ 
stant C > 0 such that when t —> +oo : 

P(A 00 > t) ~ Ct~ x (5) 

The proof we give in the third part of the article is greatly inspired by Goldie ([|]) who 
found a simpler proof of Kesten’s result, that extends to the continuous case as we will show 
here. 
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Examples 


2.1 Brownian motion with drift 

If = oB t -\-vt is a brownian motion with negative drift ( v < 0 ), then $(A) = X( £ J-X+u), 
so it satisfies the Cramer’s condition with : 

-2v 


In fact, in this case, we know explicitly the law of the exponential functional (see for instance 

0 ) : 

roc o 

/ e aBs+vs ds = — -, 

Jo ° 1-lv/o* 

where 7 m denotes a gamma variable with index m. This implies easily the asymptotic be¬ 
haviour of Aoo given by Theorem 0 


2.2 Compound Poisson process with drift 

Let us take = —t — rjt where r/ is a compound Poisson process with Levy measure 

n(dx) = (a + b — 1 )be bx dx , x < 0 , 

with 0<a<l<a + 6. Then for A < b we have < h(A) = — a — A), therefore it satisfies 

the Cramer’s condition with 

x =l-a. 

Here we also know the law of the exponential functional : 


— a,a+b —1 

where f3 a ,b is a beta variable with parameters a and b, so once again we could find easily (|5|) . 

2.3 Opposite of a stable subordinator with drift 

Here we consider = —S t + at where (S t )t>o denotes a standard stable subordinator 
with index 0 < a < 1, and a is a positive real. Then $(A) = A Q — aA for A > 0 so that 
<3>(x) = 0 for x = Thus : 



r°° c 

nj e~ Su+au du > t) ~ ■ 

This example is of greater interest since here we cannot compute the law of the exponential 
functional. 
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3 Moments of the exponential functional 

Proposition 3.1. If Cramer’s condition fy) is satisfied, then 

E (^o) < , VO < a <x 

Proof. The proof relies on the following lemma : 

Lemma 3.2. Under the precedent hypothesis, if we note Sea = sup t>0 C, we have 

E(e aSo °) < oo VO < a < x 

Let us write S t = sup 0<s<t £ s for each t > 0. Since E(e x ^‘) = 1, the process (e x ^)t> 0 is 
a nonnegative martingale, to which we can apply Doob’s Submartingale Inequality for fixed 
t > 0 and x G M + : 

xP( sup e x ^ s > x) < E(e x ^) = 1 

o <s<t 

We obtain that for fixed a G M + and for all t > 0, P( S t > a) < e~ xa . Since is finite almost- 
surely thanks to the fact that > —oo when t —> +oo, it follows that P(S' 00 > a) < e _xa , 
which concludes the proof of the lemma □ 

Now let us fix 0 < a < x and introduce the Levy process (f' t — + kt, t > 0) with 

k > 0 small enough to ensure that £' has the same properties as £ : precisely we assume that 
k + E(£i) < 0. On the one hand we then have that £^ —> — oo when t —> +cx) and on the 
other hand the Levy exponent T of £' still has a unique zero yf > 0 , such that 0 < a < yf 
is k is taken small enough. 

Now we notice that : 

COO COO 1 

A ao = e^~ ks ds < e s ~ / e~ ks ds = -e s ™ 

Jo Jo k 

writing as above S= sup t>0 &. We deduce that : 

E(/l” ) < T E (e“ s ») 

If suffices to apply the lemma to the Levy process (£Q*>o to end the proof. □ 


4 Proof of the theorem 


4.1 First step 

To prove © , it suffices to prove that : 

[ e~ < ' t ~ v ' ) r(v ) dv -> C where r(v) = e xt ’P(4 00 > e v ) 

J- oo t ^+°° 

It’s a consequence of lemma 9.3 of ||], that we quote here for sake of completeness : 


( 6 ) 


4 



Lemma 4.1. Let k > 0 and X be a real random variable. If f {) v k E(X > u)du ~ Ct when 
t —■> oo , then P(X > t) ~ C t~ k when t —» +oo 

If we introduce the function K(t ) = e -4 for t > 0 and equal to 0 for t < 0 , we can write 
the left member of (|6|) as the convolution between r and K, and we will denote it by r. More 
generally for all function / , we will note 

f{t) — f * K(t) = f e~^f(u)du. 

J — OO 

The key ingredient of the proof will be then a renewal theorem. 

4.2 Second step 

We are now going to write r in the following form : 

f(t) =g* v n -i(t) + S n (t) Vn > 1 (7) 

with appropriate functions g and 5 n and measure v n -\- 

For this we need a few notations : Let (Tf)i>\ be a sequence of i.i.d variables with exponential 
law of parameter 1, and independent of the Levy process (ft)t> o- Let 0 n = YJJi=\ T for n > 1. 
The process ( S n := £©„)n>o , with S 0 = 0, is a random walk. Let us note that : 

p OO poo 

E(S 1 ) = E(Ct)e~ t dt = E^ 1 ) te~* dt = !(&) e [-oo,0) (8) 

Jo Jo 

so that S n — °" s > — oo. 

t^+oo 

Lemma 4.2. For all n > 1 we have r(t) = g * v n -i(t) + S n (t), with : 

- g(t) = e xt (P(4 > e 4 ) — P (MA > e 4 )) , with M (respectively A) a random variable dis¬ 
tributed as e Sl (respectively A^), independent of (£t)t>o and(Tf)i>i, and M independent 
of A. 

- v n (dt) = e xt YJl= 0 P(£fc G dt ) 

~ 5 n (t) = e x ' 4 P (e Sn A > e 4 ) with A as above. 

Proof. First, by the identity in law between A and A^, P(4 00 > e 4 ) = P(4 > e 4 ); then by 
a different way of writing, we obtain that for all fixed n > 1 : 

P(A > e 4 ) = YJJk=\ E(e Sk ~ 1 A > e 4 ) — ¥{e Sk A > e 4 ) + P (e Sn A > e 4 ) 

= E{e Sk ~ 1 A > e 4 ) — P (e Sk ~ 1 MA > e 4 ) + P (e Sn A > e 4 ), 

the last equality resulting from the independence between (M, A) and (S n ) n >o, and from 
the fact that this process is a random walk. 

Thus we have : 

r(t) = Till J R eX(t ~ u) ( p (d > e 4 " u ) - P (MA > e t ~ u )) e xu E(S k e du) + e* 4 P(e 5 "A > e 4 ) 

= J R g(t - u)v n -i{du) + 8 n (t) 

and this ends the proof □ 

Since r — r*K,g — g*K and 8 n = 8 n * K, this lemma obviously implies (|7|). □ 
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4.3 Third step 

We are now going to show that : 

Vt S n (t) —■> 0 when n —> +oo (9) 

and then, that there is a renewal measure u such that : 

Vt g * v n (t) g * v(t) when n —> +cx) (10) 

~ The first point is the easier one : 

e Sn ———> 0, so for fixed t, 5 n (t) -> 0. We conclude by dominated convergence : 

n—>+ oo n —>+oo 

S n (t) = e~^~ u ^S n (u) du but 0 < 5 n {u) < e xu and e^ x+V)u du < oo since x > 0- 

- To establish ©, we shall need the following proposition : 

Proposition 4.3. Let be v(dt) = e xt ^ Then v is the renewal measure 

associated to some random walk (T)i>o such that 0 < m := E(Yi) < +oo and that the 
law of Y\ is not arithmetic. 

Proof. The proof relies on the following change of probability : if for all t > 0 we 
denote by Tt the natural filtration of the process (£t)t> o, since (e x ^)t>o is a strictly 
positive (Tt)i> 0 -martingale, we can define a probability Q on Vt>oiFt by the change of 
probability Q = e x ^P on T t , in other words : 

Eq(X) = E P (e x ^A') for all bounded and ^-measurable X (11) 

We easily check that under Q , (ft)t >o is still a Levy process, with Levy exponent 
$q(A) = $(A + y). Since is concave, and <3>(0) = <L(x) = 0 and last that <£>'(0) = 
—g > 0, we have 

Eq(6) = -$q(0) = -$'(x)>0. 

Let then (T)i>o be a sequence of i.i.d variables, whose common distribution is the law 
of Si under Q. 

Let us consider the renewal measure U associated to this process (T)i>o, precisely : 

OO 

U{dt) = Y J ®( s k£ dt) 

k=0 

Since Sk = fe k is J r e fc -nieasurable, and since the formula (JTT]) is still true with any 
almost-surely hnite stopping-time T instead of t. in particular for T = 0&, we obtain : 

Q(5 fc e dt) = E P (l {?e(cGdt} e x « e 0 = e xt P(£ 0fc e dt) 

and thus, 

OO 

U(dt) = e xt p (^ e dt ) • 

k =0 
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As a consequence U is exactly the measure v introduced in the proposition. 


What is left to be proved is that {Yi)i >o fnlhlls the hypothesis of the proposition : 


-The sign of the mean is a result of the same calculus that in (|8|) : m E(Yj) = 
Eq(^i) > 0. Moreover if we had m — oo that would be in contradiction with the fact 
that $ > -oo on a neighborhood of y. 


-For the second point we first notice that if the law of S\ is arithmetic under Q then 
it is also the case under P : indeed if there is some A such that Q(*S'i G XL) = 1, that 
means that Ep(l{ 5 ie Az}e xSl ) = 1, but the variable e x ' Sl being nonnegative and having 
a mean equal to 1 under P (since E(e x?0 i) = J 0 °° E(e x ^)e -t dt = J 0 °° e _t dt = 1), this 
implies that P(S'i G XL) = 1. But the law of Si = ^ cannot be arithmetic unless that 
of £ t is arithmetic for all t, which is excluded by hypothesis. □ 

To prove that g*v n (t) —> g*v(t), and then apply a renewal theorem to u, we have now to 
show the direct Riemann-integrability of g. This will be the fourth step, but for the moment 
let us assume this result. We then know that \g\ * u{t) < oo for all t. This means that : 
o eXSk \9(t ~ Sfc)|) < oo and we deduce that 

n 

g * u n (t) = V E (e xSk g{t - S k )) -♦ ~g * u(t) 

z — * n^+oo 


k =0 


We have thus proved the two points (f9j) and m- 


4.4 Fourth step 

Proposition 4.4. g is directly Riemann-integrable. 

Proof. The key is the following lemma, the demonstration of which is given in pj (p.143) : 

Lemma 4.5. If f G L 1 (M) ; then f is directly Riemann-integrable. 

We are thus going to prove that git) = e xt (P(A > e*) — P (MA > e 4 )) is in L x ( 

Firstly, by the change of variables u = e*, 


/ \g(t)\dt— / u x 1 (|P(A > u) — F(MA > n))| du . 

Jr Jo 

Now for any almost-surely finite stopping time T, by using the strong Markov property 
at time T for the Levy process £, we have the following decomposition of the exponential 
functional A ^ : 


A oq = A t + e^ T / e ^+ T -« T ds = A t + e^A^ , 


( 12 ) 


the variable A ^ := J” e^ s+T Ar ds having the same law as A ^ and being independent of 
(£s)o<s<t- The identity (||) mentioned in the introduction was a direct consequence of 
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By using (|T2|) with T = 0 1 , we first obtain (M,A) = (e^yH® 1 ), and so P(MH > u) = 
P(e^ e iy4® 1 > u ); then we write P(H > u) = P(Hoo > u) ,which eventually leads us to : 

|P(H > u) — ¥(MA > u)\ — P(e ?01 ^4® 1 <u< A*,) 


Hence : 

[ | 0 (t)| dt= f vA-'MA >u)~ P (MA > u )I du = —E (a x - (e^A^V) 

Jr Jo X v ’ 

Two cases have to be distinguished : 

- First case 0 < x < 1 

Then the following inequality holds : \x x — y x \ < \x — y\ x for all nonnegative x,y . Thus 

-E C* - (<*>>i®') x ) < -E(A» - . 

X v 1 X. X 

To see that the last right-member is finite, we can use the same method that in the 
proof of Proposition [LT]; indeed Aq 1 can be seen as the terminal value of the process 
(fo e ^ s ) ds)t>o where £b) is the initial Levy process killed at the independent exponen¬ 
tial time 0i. His Levy exponent is = $ + 1. Since $(x) = 0 and since there exist 
e > 0 for which $ > — oo on [0,x + e], by continuity we can find A 0 > X such that 
$^^(Ao) > 0. Then if we now use the martingale : 

we deduce, as in Proposition El that the exponential functional associated to the 
killed Levy process has moments of all order a < Ao; in particular with a = x we 
obtain exactly that E(Aq ) < oo. 


- Second case : 1 < x 

This time we use the inequality \x x — y x \ < x\ x ~ t/|(max(a:, ?/)) x_1 , which leads to the 
upper bound : 

f \g(t)\dt<E((A x -eio.A%0A^ 1 ) . (13) 

J M. 

The right-member can also be written 

Since \x + y\ x < c r (|x| x + \y\ x ) for some constant c r , we obtain : 


IsWI dt < c*-i E(4|,) + E 


(14) 


We have already seen that E(Hq i ) < oo. Concerning the second term, we first use the 
independence between H ® 1 and (£ s )o<s<ei : 




E (^(^‘ef-.)*- 1 ) = E ((i®‘) x ^) E 
But 1 < x so by Holder’s inequality : 

E (H ei e (x - 1)?9 i)) < E( J 4| i ) 1/x E(e x?0 i) (x - 1)/x 


We have already seen that E(e x ^ e i) = 1 so : 

E(H 01 e (x - 1 ) 5 e i)) < oo 


Lastly : 

E((i®‘) x “') =E(^-‘) <oo 

because A ^ has finite moments of all order 0 < a < x (see Proposition fid] ) . 
In conclusion, in this second case we still have f R \g(t) \ dt < +oo . 


□ 


4.5 Conclusion 

The second and third step imply that : 

r(t) =g*u(t) . 

Now the Proposition [L3] and the last step enable us 

g * v(t) = / g(t — u)is(du) 

Jr 

So the proof is finished by taking C = A J^g = i. J g, 

4.6 Another method 

There exists a shorter proof of Theorem O- that we are going to detail here. 
Nevertheless, the previous proof has an interest by itself since it shows that techniques used 
in discrete time can be adapted to continuous time. 

Let us now explain this other method. 

The starting point is to notice that A^ satisfies the random difference equation : 

Ao. = MA'n + Q 

where on the right hand side 

coo cl 

A' 00 = / exp(C+ s — £i)ds , M = e ^ 1 and Q— e^ds. 

Jo Jo 

A ^ is distributed as A <*, and is independent of the pair (M, Q), which enables to recover the 
relation (^) of the introduction when T — 1 . 

The idea is then to show that M and Q satisfy the conditions of Kesten’s Theorem (cf. e.g. 
Theorem 4.1 in ||]), which gives the conclusion. 


to apply the renewal theorem to u : 
1 

- > — I g ■ 

t—>+o o m 
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- The first condition E(|M| X ) = 1 is of course satisfied. 

- The second one is E(|M| x Tog + \M\) < oo. 

This is true here thanks to the hypothesis that $ > — oo on an interval [0, y T e ] f° r 
some e > 0. Indeed one has : 


E(|M| x log + \M\) 


< -E(e x ^ 1 e e ^ 1 ) 

= i e - $(x+£) < oo 


- The last thing to check is that E|Q| X < oo . 

In fact one can prove that Q x E L l+e ° with e 0 = ^ for all e such that $(y + e) > —oo. 
Indeed one first observes that 


0 <Q X < sup e x ^ s . 

0<s<l 

But (e x ^ s )o< s <i is a martingale bounded in L 1+e °, since for all 0 < s < 1 : 

E(e x(1+e °) & ) = e“ s$(x+e) < e“ $(x+e) < oo . 

Thus by Doob’s Inequality in L 1+e °, one concludes that : 

E(Q x(1+eo) ) < oo. 

5 Annex : proof of Wald identity for Levy processes 

We first need some notations before stating that we call Wald identity, since it generalizes 
the so-called result for random walks. 

Let X be a Levy process started at 0, with Levy exponent T, such that 0 < p = E(W) < oo. 
Let us write S t = sup s<t X s ; let L be a local time at 0 for the reflected process at the 
supremum S — X and r its inverse process : r t = inf{.s > 0, L s > t}. Since p = E(W) > 0, 
Lqo = Too a.s and r t < oo for all t > 0. Then one can define the ascending ladder height 
process H by H t — S Tt = X Tt for all t > 0. 

Proposition 5.1. With the previous notations, if there exists K < 0 such that 
0 < T(A') < oo, then : 

E(^ 1 )=/iE(r 1 ). (15) 

Remark : This result applies to the Levy process X* dehned in the introduction. Indeed 
E(A7) = —$'(x) ^ K+ (cf proof of Proposition [L3| ) and = <h(A T y) G (0, Too) for all 

-X < A < 0. 

Proof. 

We first prove that T \, which is a stopping-time with respect to the filtration = 
cr{X s , 0 < s < f}, is integrable : 

Lemma 5.2. Under the only assumption that 0 < E(W) < oo, one has E^) < oo . 
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Proof. Let K be the Levy exponent of the subordinator r. One knows (see for example [2J, 
p.166) that : 

K{ A) = exp (j (e _i — e~ xt )t~ 1 F(X t > 0) dt'j . 

By writing for all A > 0 that In A = e~ xt )t~ 1 dt, one obtains the following expression : 

K( A) 


A 


= exp 


(e~ xt - e" t )r 1 P(X t < 0) dt . 


But, since liirp^ +00 X t = +oo, ff°t 1 P(X t < 0) dt < oo , and by dominated convergence 
one concludes that : 


K'( 0) = lirn ^ = exp 
A^o A 


(1 — e l )t : P(Xf < 0) dt < oo □ 


□ 


Then we prove the integrability of the terminal value of the infim n m process 
{It = inf s <tX s ,t > 0) : 

Lemma 5.3. Let us write I = inf t > 0 X t . Then E(/oo) > —oo . 

Proof. First we notice that I ^ is finite a.s. since p > 0. 

We introduce the dual process A" = —A, whose Levy exponent is 'L(A) = \&(—A). 

Writing M t = sup s<t X s for t > 0, we are going to prove that M^ has exponential moments 
of order a for all 0 < a < —K, which a fortiori implies that M, x is integrable, and the 
conclusion will follow since I^ 

Since T(— K) = T(/\) < oo, the process {e~ KXt+ ^^ K ^) t > 0 is well defined and is a non¬ 
negative (A’t)t>o-martingale , so if we fix t > 0 and x E M + , we have by Doob’s Submartingale 
Inequality : 

X P( SUp e -KX s+ H~K)s > x) < ^ e ~KM (-*)*) = x 

0 <s<t 

Since T(— 1\) > 0, this implies that xP(sup 0<s<t e~ KXs > x) < 1, and thus that for all 
fixed a E M + and all t > 0, P {M t > a) < e Ka . It follows that P(M 00 > a) < e Ka which ends 
the proof of the lemma. □ □ 

We are now able to prove ©• Using that {X t — /it,t > 0) is a (JP t ) f >o-martingale, we 
deduce that for all n > 0, 

E(A TlAn ) = /iE(ri A n) (16) 

Writing X t = A f + — X)~ with A f + = max(A t , 0) and A t - = max(— X tl 0), we have 
A+a n — -Xtia n ~ loo, hence using ([T^) and Fatou’s lemma, one obtains : 

E(A+) < liminfE(p {t\ An) — /oo). 

1 n—>+oo 

Thanks to the previous lemmas, lim inf n _> +oo E(p (ri An) — /oo) = /i E(ti) - E(/oo) < oo, 
thus 

0 < E(//x) = E(A ri ) < E(A+) < oo . 
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Since 1^ < X TlAn < S Tl = Hi, one concludes from (]1^) by dominated convergence that 

E(X ri ) = fjiE (n). 


□ 
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